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Abstract
In this paper, we will deform the second and third quantized theories
by deforming the canonical commutation relations in such a way that they
become consistent with the generalized uncertainty principle. Thus, we
will first deform the second quantized commutator and obtain a deformed
version of the Wheeler-DeWitt equation. Then we will further deform
the third quantized theory by deforming the third quantized canonical
commutation relation. This way we will obtain a deformed version of the
third quantized theory for the multiverse.
1 Introduction
In the second quantized models of quantum gravity, all the physical information
about the universe can be extracted from the wave function of the universe as
it describes the quantum state of the universe [1]-[2]. This wave function is
obtained by taking a sum over all geometries and field configurations which
match with a particular field configuration at a spatial section of the spacetime.
This approach is called the the Hartle-Hawking no-boundary proposal. In this
approach a Wick rotation to Euclidean time makes this integral well defined.
This wave function of the universe can also be viewed as a solution of the
Wheeler-DeWitt equation [3]-[4]. The Wheeler-DeWitt equation is a second
quantized equation which can be interpreted as the Schroedinger’s equation for
gravity. However, there is no time in the Wheeler-DeWitt equation because it
has to satisfy the time invariance required by general relativity [5].
The wave function of the universe corresponding to various other boundary
conditions has been studied. In the Vilenkin proposal the wave function of
the universe is obtained by a quantum tunneling transition [6]-[7]. A baby
universe can be created by a quantum fluctuation of the vacuum and this baby
universe may eventually jump into an inflationary period and become a parent
universe. Here the parent universes are defined to be universes with a large
Hubble length and baby universes are defined to be virtual fluctuations of the
metric. In this model, there is no reason why only a single baby universe will
jump into an inflationary period and become a parent universe. Thus, this
model naturally leads to the existence of multiple universes or the multiverse
[8]. In fact, this model of inflationary in the multiverse is called the chaotic
inflationary multiverse. It has been argued in this theory that the total number
of distinguishable locally Friedman universes generated by eternal inflation is
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proportional to the exponent of the entropy of inflationary perturbations [9].
The multiverse also appears naturally in the landscape of the string theory [10].
This is because there are 10500 different string theory vacuum states [11], and it
is suspected that all these different vacuum states could be real vacuum states
of different universes [12].
The Wheeler-DeWitt equation is the Schroedinger’s equation for gravity,
and just as the creation and annihilation of particles cannot be explained using
the first quantized formalism, the creation and annihilation of universes cannot
be explained using the second quantized formalism. So, just as we need to go
to a second quantized formalism to explain the creation and annihilation of
particles, we need to go to a third quantized formalism to explain the creation
and annihilation of universes [13]-[18]. In the third quantized formalism the
Wheeler-DeWitt equation is viewed as a classical field equation, and a classical
action corresponding to it obtained. The addition of interaction terms then
accounts for the creation and annihilation of universes. Thus, third quantization
is a natural formalism for analysing the multiverse. It may be noted that the
third quantization of the Kaluza-Klein theories has been studied [19]. In doing
so the number density of the universes created from the vacuum were calculated
and an attempt was made to statistically explain the compactification.
It may also be noted that recently the deformation of the first quantized
theories by a minimum measurable length has been studied. This is because
string theory predicts the existence of a minimum length [20]-[24]. In fact, even
in loop quantum gravity the existence of minimum length turns big bang into a
big bounce [25]. Strong indication for the existence of a minimum length of the
order of the Planck length also occur in black hole physics [26]-[27]. However,
according to the Heisenberg uncertainty principle there is no limit to the accu-
racy with which one can measure the momentum or the position of a particle
separately. Thus, the minimum observable length is zero. If we want to incorpo-
rate the idea of minimum length, then the Heisenberg uncertainty principle has
to be modified. This, modified uncertainty principle is called the generalized
uncertainty principle [28]-[41]. In fact, we have to even modify the Heisenberg
algebra to make it consistent with this modified uncertainty principle. This
modification of the Heisenberg algebra deforms all first quantized Hamiltonians
as Hψ = H0ψ +H1ψ, where H0 is the original Hamiltonian, and H1 = βp
4/m
is the term that occurs due to the existence of a minimum length. The sec-
ond quantization of this deformed first quantized theory has also been studied
[42]-[45]. In fact, certain models of inflation motivated by such developments
have also been analysed [46]-[47]. In these models the inflationary scalar den-
sity perturbations effectively reduces to a minimally coupled massless real scalar
field on a fixed curved background spacetime. These scalar perturbations are
modified by the existence of a minimum length scale in the theory. Thus, in
this work the coordinate representation of the momentum operator for scalar
perturbations is modified, and this corresponds to the introduction of higher
derivative terms in the action for the minimally coupled massless real scalar
field. It is also possible to deform the second quantized commutation relation
between any field theory, and this is expected to change the quantum mechan-
ical aspects of such a theory, while leaving the classical equations of motion
of such a theory un-deformed . Thus, this deformation is expected to change
the kinitic part of the Wheeler-DeWitt equation. In fact, such a deformation
of Wheeler-DeWitt equation has already been studied [48]. In this paper, we
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will analyse such a deformation of the second quantized commutator by the
generalized uncertainty principle. We will also deforming the third quantized
commutator by the generalized uncertainty principle.
2 Deformed Second Quantization
Various implication of deformed Heisenberg algebra for quantum field theories
have been studied [28]-[41]. In this section we will analyse the implication of
this deformation for the Wheeler-DeWitt equation. The generalized uncertainty
principle is consistent with the following deformed Heisenberg algebra [28]-[41]
[xi, pj ] = iδ
i
j + if
i
j(p), (1)
where f ij(p) is a tensor constructed out of momentum operators. One of the
most used representations of f ij(p) is given by
[xi, pj ] = iδ
i
j[1 + βp
kpk] + 2iβp
ipj , (2)
where β is a constant. This deformation corresponds to taking the following
representation of the momentum operator
pi = −i(1 + β∂j∂j)∂i. (3)
Now we can deform the canonical commutation relation in quantum field theory
in a similar way. Thus, we can write the commutator of a scalar field theory as
[φ(x), pi(y)] = iδ(x− y) + if(x− y). (4)
where f(x, y) are constructed from momentum density conjugate to ψ. Now
again motivated from the fact that one of the most common forms of the tensor
function, f ij = δ
i
jp
kpk + 2p
ipj , we write the deformed canonical commutation
relation in quantum field theory as
[φ(x), pi(y)] = iδ(x− y)
[
1 + β
∫
dzpi2(z)
]
+ 2iβpi(x)pi(y). (5)
This corresponds to taking the following representation for pi(x)
pi(x) = −i
(
1 + β
∫
dydz
δ
δφ(y)
δ
δφ(z)
δ(z − y)
)
δ
δφ(x)
. (6)
Thus, we observe that the deformation of the second quantized canonical com-
mutation relation induces non-locality in the quantum field theory.
Now in the Arnowitt-Deser-Misner 3+1 decomposition of general relativity,
we take the following line element
ds2 = gµν (x) dx
µdxν =
(−N2 +NiN i) dt2 + 2Njdtdxj + hijdxidxj . (7)
where Ni the shift function and N is the lapse function. Now we can write the
Lagrangian for a universe filled with a cosmological constant Λ in terms of the
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the second fundamental form Kij , the three dimensional scalar curvature
3R
and the three dimensional determinant of the metric
√
3h as,
L [N,Ni, hij ] =
√−gR = N
√
3h
2κ
[
KijK
ij −K2 + (3R− 2Λ)] , (8)
where K = hijKij is the trace of the second fundamental form. The conjugate
momentum is defined to be
piij =
δL
δ (∂tgij)
(9)
The Hamiltonian can be calculated using a Legendre transformation,
H˜ = dx
[
NH +NiH
i
]
, (10)
where
H = (2κ)Gijklpi
ijpikl −
√
3h
2κ
(
3R − 2Λ) ,
Hi = −2∇jpiji. (11)
Here Gijkl is defined by
Gijkl =
1
2
√
h
(hikhjl + hilhjk − hijhkl). (12)
Now the two classical constraints H = 0, and Hi = 0, are obtained through
the equation of motion. The wave function of the universe ψ[h], is obtained by
promoting the promoting the phase space variable to operators. However, we
will now apply a deformed canonical commutation relation,
[hij(x), pi
kl(y)] = iδ(x− y)(δki δlj + δliδkj )
×
[
1 + β
∫
dzGnmpqpi
mn(z)pipq(z)
]
+2iβpiij(x)pi
kl(y). (13)
It is possible to choose a more general structure for this deformed canonical
commutation relation, such that it is consistent with the tensor index symme-
try of the equation. However, we will chose this particular form for the deformed
canonical commutation relation to simplify further calculations. The momen-
tum operator corresponding to this deformed canonical commutation relation is
given by
piij(x) = −i
(
1 + 2β
∫
dydzGklmn
δ
δhkl(y)
δ
δhmn(z)
δ(z − y)
)
δ
δhij(x)
. (14)
Thus, we can write the deformed Wheeler-DeWitt equation as
Hψ [h] = 0 (15)
where
H = − (2κ)Gijkl
(
1 + 2β
∫
dydzGnmop
δ
δhmn(y)
δ
δhop(z)
δ(z − y)
)
δ
δhij(x)
×
(
1 + 2β
∫
dydzGqrst
δ
δhqr(y)
δ
δhst(z)
δ(z − y)
)
δ
δhkl(x)
−
√
3h
2κ
(
3R− 2Λ) . (16)
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3 Third Quantization
In this section we will analyse a deformation of third quantized canonical com-
mutation relation. In order to analyse the deformation of the third quantization,
we need to write the theory in minisuperspace approximation. The Friedman-
Robertson-Walker metric for k = 1 is given by
ds2 = −N2dt2 + a2 (t) dΩ23, (17)
where dΩ23 is the usual line element on the three sphere. If the universe is
filled with a scalar matter fields φ and a cosmological constant Λ, then the
Hamiltonian constraint is given by
H = −pi
2
a
a
+
pi2φ
a3
+ V (φ, a), (18)
where pia is the momentum conjugate to a, piφ is the momentum conjugate to
φ, and V (φ, a) = −a + m2a3φ2 + Λ3/3. Thus, after applying the deformed
canonical commutation relation, the deformed momentum conjugate to a and
φ are given by
pia = −i
(
1 + β
∂2
∂2a
+ β
∂2
∂2φ
)
∂
∂a
,
piφ = −i
(
1 + β
∂2
∂2a
+ β
∂2
∂2φ
)
∂
∂φ
. (19)
Now we can write the Wheeler-DeWitt equation as Hψ[a, φ] = 0, where
H = 1
a
(
∂2
∂2a
+ 2β
∂4
∂4a
+ 2β
∂2
∂2φ
∂2
∂2a
)
+ V (φ, a)
− 1
a3
(
∂2
∂2φ
+ 2β
∂2
∂2a
∂2
∂2φ
+ 2β
∂4
∂4φ
)
. (20)
Thus, we obtained the deformed Wheeler-DeWitt equation in minisuperspace
approximation by again deforming the second quantized canonical commutation
relation.
We interpret this deformed Wheeler-DeWitt equation in minisuperspace ap-
proximation as a classical field equation of a classical field ψ[φ, a] and view
the potential as a spacetime dependent mass term V (φ, a) = M2(φ, a). The
Lagrangian to be third quantization can now be written as follows,
Lψ = 1
2
ψ[φ, a]
[
1
a
(
∂2
∂2a
+ 2β
∂4
∂4a
+ 2β
∂2
∂2φ
∂2
∂2a
)
+M2(φ, a)
− 1
a3
(
∂2
∂2φ
+ 2β
∂2
∂2a
∂2
∂2φ
+ 2β
∂4
∂4φ
)]
ψ[φ, a]. (21)
The variation of this Lagrangian will reproduce the deformed Wheeler-DeWitt
equation. Now we can obtain a momentum conjugate to ψ as
Pψ =
∂L
∂∂aψ
, (22)
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and so we can write the Hamiltonian as
Hψ = Pψ
∂ψ
∂a
− Lψ . (23)
Thus, we have obtained Hamiltonian to be third quantized. Now we impose the
deformed third quantized canonical commutation relation
[ψ(φ1), Pψ(φ2)] = iδ(φ1 − φ2)
[
1 + β
∫
dφ3P
2
ψ(φ3)
]
+ 2iβPψ(φ1)Pψ(φ2). (24)
This corresponds to taking the following representation for Pψ in the Hamilto-
nian Hψ,
Pψ(φ) = −i
(
1 + β
∫
dφ1dφ2
δ
δψ(φ1)
δ
δψ(φ2)
δ(φ1 − φ2)
)
δ
δψ(φ)
. (25)
Thus, we can write finally, the deformed third quantized theory as follows,
i
∂Ψ
∂a
= HψΨ, (26)
where Ψ is the wave function of the multiverse. In absence of the matter field
φ, this equation becomes,
[
−1
2
(
∂2
∂ψ2
+ 2β
∂4
∂ψ4
)
+
ω˜2(a)
2
]
Ψ(ψ, a) = i
∂Ψ(ψ, a)
∂a
. (27)
This corresponds appears like a time dependent equation for a deformed Har-
monic oscillator with time dependent frequency. We can also define a quantity
analogous to energy for this case, such that HψΨ = EΨ. Now wave function
is known that the wave function for the un-deformed case can be written as
[53]-[54] |Ψn1,n2(x, y) >, then the deformation corresponds to the following by
treating the
∆Ψn1,n2(ψ, a) =
∑
{m1,m2}6={n1,n2)}
Mm1,m2,n1,n2(ψ, a)Ψm1,m2(ψ, a)
En1,n2 − Em1,m2
, (28)
where
Mm1,m2,n1,n2(ψ, a) =< Ψm1,m2(ψ, a)|2β
∂4
∂ψ4
|Ψn1,n2(ψ, a) > . (29)
It is known that the conventional third quantization of the Wheeler-DeWitt
equation lead to the vanishing of the cosmological constant [55]-[56]. However,
there as the third quantized wave function also changed by this deformation,
it is possible that by using the deformed third quantization of the Wheeler-
DeWitt equation, a small but finite cosmological constant might be obtained.
This is what would be expected from experiments, as it has been found that
our universe is in a state of accelerated expansion [57]-[62].
The Wheeler-DeWitt equation describes the evolution of the wave function
in the second quantized formalism. To deal with the creation and annihilation
of universes, we used a third quantized formalism. In the third quantized for-
malism, Wheeler-DeWitt equation was viewed as classical field equation of a
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classical field. Thus, an action for this classical field was constructed such that
its equation of motion coincides with the second quantized Wheeler-DeWitt
equation. This Lagrangian was used for calculate the momentum conjugate to
the field variables. After obtaining the momentum conjugate to the field vari-
ables, we constructed a deformed third quantized theory by deforming the third
quantized canonical commutation relation. It may be noted that in the third
quantized theory without matter fields, ψ acts like the space coordinate and a
acts like the time coordinate. The deformed third quantized equation obtained
in this case is similar to a quantum mechanical equation quantized using gener-
alized uncertainty principle. The existence of a minimum length can be inferred
from this generalized uncertainty principle [28]-[41]. Now by using the general
arguments used in inferring the existence of a minimum length, we can show
that the there exists a minimum value for the wave function in this deformed
third quantized theory. This minimum value for the wave function in the de-
formed third quantized theory is given by ψmin ∼
√
3β 6= 0, as β 6= 0. So, the
wave function of the universe cannot become zero in this deformed third quan-
tized theory. In other words the only way for the wave function of the universe
to vanish is that the third quantized deformation parameter is set equal to zero,
and this will reduce the deformed third quantized theory to the un-deformed
third quantized theory. Alternatively, the non-vanishing of the wave function of
the universe implies the deformation of the third quantized theory.
4 Conclusion
The Wheeler-DeWitt equation is the Schroedinger’s equation for a single uni-
verse. In the paper we obtained a deformed Wheeler-DeWitt equation by de-
forming the second quantized canonical commutation relation. The Wheeler-
DeWitt equation has to be third quantized to obtain the wave function of the
multiverse. This was done by first considering the Wheeler-DeWitt equation
as a classical field equation and then writing a Lagrangian corresponding to
it. This Lagrangian was used for obtaining a momentum conjugate to field
variables. After that the theory was third quantized by imposing canonical
commutation relation. We also deformed these third quantized canonical com-
mutation relation. Thus, we analysed a deformation of both the second and
third quantized canonical commutation relations. It may be noted that the
generalized uncertainty principle has been known to deform the first quantized
theories. This is what motivated a similar deformation of the second and third
quantized canonical commutation relations. We also argued using this logic that
the wave function of the universe cannot vanish for a deformed third quantized
theory, without reducing this theory to the un-deformed theory. It will be in-
teresting to analyse further the implications of such a deformed quantization of
field theories.
The quantum fluctuations in spacetime at Planck scale will give rise to fuzzy
structure of spacetime called the spacetime foam [63]-[64]. In this model the
spacetime is populated with virtual Lorentzian and Euclidean wormholes. The
Lorentzian wormholes are solutions to the Einstein’s equations with at least
two asymptotically flat regions. They thus connecting two separate parts either
of the same universe or of two different universes. The Euclidean wormholes
are Euclidean sectors of a Friedman spacetime. The quantum state of these
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Euclidean wormholes is obtained from a Wick rotation of oscillatory universes.
The fluctuation of spacetime at Planck scale can also lead to the formation of
virtual black holes. Third quantization is a natural formalism for analysing dif-
ferent models of spacetime foam. In fact, virtual black holes have been studied
using third quantization [65]. It will be interesting to analyse the effect that
this deformed quantization can have on different models of spacetime foam. In
fact, the conventional third quantization of the Wheeler-DeWitt equation lead
to the vanishing of the cosmological constant [55]-[56]. It will be interesting to
study what happens to the cosmological constant problem using this deformed
third quantization. It has already been observed in this paper that the defor-
mation of third quantization corresponding to generalized uncertainty principle,
will change the wave function of the universe. Hence, it is hoped that this de-
formation can lead to the existence of a small but finite cosmological constant.
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